
 FreeProducts

let G be a group and Gi Ga Gn subgroups of G that generate
G i e for XcG we can write X x x Xmwhereeach Xi is in

some Gj Gi Mm iscalled a weed of length m in G Gn
that represents x is a wordoflength 0 representing 1

If Xi and Xin are in the same Gj then Xi XiXin Xm is a

word of length in 1 that represents x

If x is represented by Xi Xm Whereno Gjcontains two consecutive
elements then Gi Xm is areclinedwind

Let Dr bethe dihedralgroup of order 8 and G l r r2 r GEE f
Then any element x cDr can berepresented by ri ft andby re

some i j k l

Def let G be a group and Gi GB a familyofsubgroups that

generates G sit GoAG L if j.tk Then G is the

freepwduct of G denoted G G Gn if V xeG there

is only one reduced word that represents X

This definition can begeneralized to an arbitrary collection of subgroups

We can also define free groups functorially by a universal property
This definition is not as useful when working w explicit examples



but it is very important whenproving things just like the univ
property of quotientspaces

Functorial def Let Ga be a family of subgroups of G
G is the freeproduct of the Ga if for any group H and

homomorphisms ha Ga H there is a unique homomorphism
h G H s t thediagram

Gahay6
GT

commutes tf x

We alreadyknow that Dg is not the free product of G r

and G f Let's check via universal property

let H G Gzand h G H ha G It thenatural inclusions

Then if 7 a map h D H we know rt fr l so

µ
h r e t l h f C f

Dof Is h nf n t
Gz h2 and h fr t r t f t r f

so Don is not a free product of G andGz

We can also take thefree product of an arbitrary family of groups



Def let Ga ye be a family of groups If G is a group
and in Ga G an injection s t G is the free product
of the Ia Ga then G is called the external
product of theGa

Factsaboutexternalfreeproducts
1 G always exists

2 G is unique up to isomorphism

3 Satisfiesuniversal property given above

4 Elements in G are reducedwords in the Ga

FreeGroups

DEI let an be a set Let G af Inez Ga
is a group w af af aft
The external free product of the groups Ga is the
free group on the elements a

Equivalently if an EG and a a ETC then if G
is the free product of AD G is the free group on
the elements ax

Exercise If F is the free gpon generators an and Fz the



free gp on generators bp then F Fz is the tree gp
on generators ABU bp

Presentationsutgroi
One way to describe an arbitrary group is to specify
a set 5 of generators and a set R of relations

Then G has presentation S R

If F is the freegroup on 5 we get a surjection

h F G and R and their conjugates

should generate N

l a ah D Mhz

2 r f rn f2 1 tf fr Dan
or rewrite a
r f rt I

3 a.is ab ba 12 12


